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Abstract. We prove in this paper that a sequence M : Z"' — >■ C{E) 
of bounded variation is a Fourier multiplier on the Besov space 
Bp E) for s G K, 1 < p < oo, 1 < g < oo and E a Banach space, if 
and only if B is a UMD-space. This extends in some sense the Theorem 
4.2 in [AB04] to the n—dimensional case. The result is used to obtain 
existence and uniqueness of solution for some Cauchy problems with 
periodic boundary conditions. 
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1. Introduction 

We are interested in obtaining a Fourier multiplier theorem on the pe¬ 
riodic Besov spaces ^ (T",E) for s G M, 1 < p < oo, 1 < g < oo and 
E a UMR—space, with discrete symbols satisfaying a bounded variation 
condition similar to the introduced in [Zim89] and [SW07]. Thus we can 
consider Cauchy problems with periodic boundary conditions. To reach this 
goal we give an extension of Theorem 4.2 in [AB04] and then we analyze the 
following two Cauchy problems: 

dtu{t, x) -t- A{t)u{t, x) = f{t, x), t € {0,T] , X £ T”, 
u{0,x) = U(){x), a; G T”, 

and 

( dtu{t,x) + A^u{t,x) = f{t,x), t G [0,27r] , X G ¥"■, 

\ u(0,x) = u(27r, x), X G ¥"■, 

where T > 0 and A{t) in (1.1) is a family of uniformly normal 
differential operators given by 

\a\<m 

Here m G N, Oq G C'b([0, oo) ,C{E)) for |a| < m, E is a UMD-space and 
Dj := —idj. For the Problem (1.2), Ai^ := oo + A, where A is as in (1.3) 
but with constant coefficients and w > wq with coq appropiated. We stress 
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that in [ABF+OS] the autor use the evolution equation (1.1) with n = 3 and 
A{t) = —A to investigate the concentration of a pool of soluble polymers in 
a small cubical section [0, 27r]'^ (= T^) of a biological cell (see also [Nal2]). 

For E a real (or complex) Banach space, 1 < p < oo and n G N let 
U’{W^,E) and (¥"’,£') be the usual Bochner space of p-integrable E- 
valued functions on M"' and on the n-dimensional torus respectively. Now, 
we say that a function M : Z” —)• C{E), where C{E) is the Banach space 
of bounded linear operators T : E ^ E endowed with the usual operator 
norm, is a Fourier multiplier on (¥"■, E) if for each f £ (T”, E) there 

exists g £ LP (¥"■, E) such that 

g [k) = M{k)f {k) for all k £ (1.4) 

where ^ denotes the Fourier transform. In the same way, we say that M is 
a Fourier multiplier on ^ {T^,E) if for each / £ (T^,E) there exists 

g £ Bp g (¥"■,£) such that (1.4) holds. 

In contrast to extensive theory on i?—valued distributions in general and 
Fourier multiplier theorems on LP{MA,E) and Bpg{M'^,E) (and its apli- 
cations to partial differential equations) in particular, the contribution in 
literature to S—valued periodic distributions is rather sparse. The classical 
Fourier multiplier theorems of Marcinkiewicz and Mikhlin are extended to 
vector-valued functions and operator-valued multipliers on Z"", which sat¬ 
isfy certain 7^-boundedness condition, in [Zim89], [BK05a], [BK05b], [SW07] 
and [Nal2], for example. More specifically, they established Fourier multi¬ 
plier theorems on (T”, E) if 1 < p < oo, £" is a UMD-space and, instead 
uniform boundedness, a 77.-boundedness condition similar to condition (5.4) 
in this work holds. The firth results about the vector-valued periodic Besov 
spaces Bp g (¥"■, E) and Fourier multiplier theorems on these spaces appeared 
in [AB04] but with n = 1. There, in Theorem 4.2, the autors proved that 
each sequence M : Z —)• T (i?) satisfaying the variational Marcinkiewicz 
condition is a Fourier multiplier on Bp g (T, E) if and only if 1 < p < oo 
and is a UMD-space. The corresponding result of this theorem for Besov 
spaces on the real line has been established by Bu and Kim in [BK05b] . The 
variational Marcinkiewicz condition, giving in [AB04] is equivalent to the 
bounded variation condition (5.4) in case n = 1. 

In this paper we obtain (Theorem 5.7) an analogous result to the assertion 
of Theorem 4.2 in [AB04] for the periodic Besov space Bp g (T^,E). Indeed 
we prove that, given sGM, l<p<oo and 1 < q < oo, each faction 
M : Z” —>■ C{E) which satisfies (5.4) is a Fourier multiplier in Bp g (¥"',£') 
iff F is a UMD-space. Of course, the proof of the implication where the 
UMD character of E is the thesis, is similar to the case n = 1 in [AB04]. The 
hard part of this work was to show the other direction of the equivalence. 
With this, we establish results of existence and uniqueness of solution for 
the problems (1.1) and (1.2), since we prove that the sequences 

Mt^xik) := A (A + a{t, k))-^ , fc G Z", 

are of bounded variation, where o(t, •) is the symbol of A{t). 

The plan of the paper is as follows: After some preliminary definitions 
and remarks in Section 2, we develope in Section 3 some fundamental 
elements on Besov spaces. In particular it is proved in Lemma 3.1 the 
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existence of a resolution of the unity (very useful in the following sections) 
and in Theorem 3.7 the independence of norms on the resolution of unity 
in the space E). In Section 4 we define discrete Fourier multipliers 

on L^{T, E) and i?® E)^ the UMD-spaces and show in Corollary 4.8 an 

elementary result to characterize UMD-spaces. We prove in Section 5 the 
main result of the present paper, the Theorem 5.7. As an application, we 
prove in Section 6 (Corollary 6.5) the existence and uniqueness of solution 
for the problems (1.1) and (1.2) in certain periodic Besov spaces. 

In the next three sections we explain in detail definitions and preliminary 
results for this work in order to do more understandable the study of the 
periodic Besov spaces 7?^ ^ {T^,E) and the main result. 

2. Functions and distributions on T” and Z” 

In this section we will present some notations, function spaces on the torus 
T” and on the lattice Z”, as well as spaces of periodic and tempered distri¬ 
butions. Furthermore we will give some results, which are proven in similar 
way to the one-dimensional case discussed in [AB04] (see also [BDHN] and 
[Nal2]). 

Throughout this paper n € N is fixed. No := NU {0}, {6j : j = 1, ..., n} is 
the standard basis of M"', (x) := (1 -|- lx|)^/^ for x G M”, where |x| is the 
euclidean norm of x, Br{a) and Br{a) denote the open ball and closed ball 
(respectively) of radius r > 0 centered at a point a G M”. E denotes an 
arbitary Banach space with norm H-H . If A and Y are local convex spaces, 
then C{X,Y) denotes the space of all linear and continuous applications 
from X into Y. As usual C{X) := £(A, X). For a,j3 the writing a < f3 
means that a* < /3i for each i = 1,..., n, and [a, /3] := {/c G Z” : a < A; < /3}. 
In the following dx := (27r)“”'dx, where dx is the Lebesgue measure. Further¬ 
more C™(M"', E), for m G No U {oo}, denote as usual the set of all m-times 
continuously differentible functions y? : M” —)• E with compact support and 
we write Cc ■= C^- 

Definition 2.1 (The spaces C°°{T'^,E)). We denote with C'™’(T”,i7), 
m G No, the space of all 27r-periodic (in each component), FI-valued and 
m-times continuously differentiable functions defined in M"'. The space of 
test functions is the space C°°(T",i7) := f) C™'(T"',U). 

mSNo 

The topology of E) is induced by the contable family of seminorms 

{qk] k £ No} given by 

gfc(v?) := max sup ||5“(/?(x)||, ip £ C°°, E). (2.1) 

xG[ 0 , 27 r]" 

It can be shown that (C'°°(T’^, E), {qk ; k £ No}) is a Frechet space. 

Definition 2.2 (The space of periodic distributions 'D'(T'^,E)). The space 
'D'{T^,E) := C{C°°{T^),E) is called the space of Fi-valued periodic (or 
toroidal) distributions. The value of u G 'D'{T'^,E) on a test function p £ 
C°°(T”) will be denoted by u{p) or {u,p). 

The topology of 'D'{T^,E) is the weak-*-topology, i.e. a sequence {uk)k&N m 
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2?'(T”,£') converges to tt G iff, 

{uk,^) — {u,ip) in G C'°°(T"). 

k^oo 

Indeed the topology of T>'{T^,E) is inducided by the family of seminorms 
Wip '■> ^ G C'°°(T"')} where 

(Z;(u) := IlnMIl, ueV'{T^,E), G C-(n. 

For example, for any G C'°°(T"', FI), the map 

9 </? i-A J ip{x)'tp{x) dx, 

[0,27r]" 

defines a E— valued periodic distribution, which we call again i/;. 


Definition 2.3. We denote with LP{T^,E), 1 < p < oo, the space of all 
strongly measurable 27r-periodic (in each component) functions / : —)■ E, 
such that \\f\\LP(^fn E) < oo, where 


i/p 


LP{T^,E) 


'[0,27r]'^ 




1 < p < oo. 


and with the usual definition for p = oo. 


As the continuous case it holds 

LP{T^,E) ^V'{T'^,E), Vl<p<oo. 

Definition 2.4. The space S{'L'^,E) consists of all functions p : Z"’ — )• E 
for which the following holds: For each M G M there exists a constant 
such that 

||f>(OIIe < for all e G Z- (2.2) 

The elements of S{Z'^,E) are called FI—valued rapidly decreasing functions 
on Z'^. As usual ^(Z'^) := S{Z^,C). 

The topology in 5(Z”’,F1) is given by the contable family of seminorms 
{pk : F G No} defined by 

Pfc(F’) := sup(0 ''||‘f(OIIe> for p G S(Z^,E). (2.3) 

Then a secuence in S{17^,E) converges to a function p G S{1/^,E) 

iff 

Pk {pi — p) —^ 0 for all k G Nq. 

Z—)-oo 

The space of FI—valued tempered distributions on Z” will be denoted by 
S'{Z^,E) and consists of all linear and continuous mappings from 5(Z"') 
into E. This distributions space is also endowed with the weak-*-topology. 

Example 2.5. Let (j) G C'c(M"') and / G S'{W^,E). Then the mapping 
(pf : 5(Z"') —)■ E defining by {<pf){p) := f{4>p) for all p G 5(Z"') belongs 
to S'{Z^,E). 
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Definition 2.6. o) For a function / G we define 

le-^^<fix)dx= I e-“-«/(xKx, C e Z”. (2.4) 

T'* [0,27r]" 

We call the toroidal or periodic Fourier transform of /. 

b) For g G 5(Z", FI) we define 

(^) := e^^<g{0, x G T". (2.5) 

i&ix- 

We call F'-jjrJgr the inverse periodic Fourier transform of g. 

c) Let u G P'(T" , E). The periodic Fourier transform of u is defined by 

{Tjnu) {ip) := u ([J-T"V](-)) , ^ e 5(Z"). (2.6) 

d) For V G S'{Z'^,E) we define the inverse periodic Fourier transform 
of V by 

ifj) := V {[Ejr.f;]{-.)) , V' G C'-(T"). (2.7) 

Proposition 2.7. The following mappings are linear and continuous: a) 
C°°{T^,E) 3 f Efnf G S{Z^,E), b) S{IF,E) 3 g Fif^g G 
C°°(T",.F), c) V'{T^,E) 3 u G S'{IF,E) and d) S'{IF,E) 3 

Fif^v ^V’{T^,E). 

Definition 2.8. We say that a function u : 7F — ?> E grows at most polyno- 
mially at infinity if there exist constans M G M and (7 > 0 (both depending 
on u) such that 

foralUGZ- (2.8) 

The space of all functions u : TF —E with at most polynomial growth 
at infinity will be denoted by 0{1F,E). 


Note that if u G S{TF,E), then u G 0{TF,E). We can also identify the 
space 0{7F,E) with the space of all sequences in E, for which 

there are constants C and M such that ||afc||^ < C{k)^ for all A: G Z"'. 


Example 2.9. Let u G S'{IF^E). The function defined by u{f) := u{'if^), 
^ G Z"" belongs to C>(Z”, E), where G 5(Z"') is defined by 


'ip^{k) := 


1, if ^ = k, 
0, if ^ / k. 


(2.9) 


Proposition 2.10. The map 0{X'^,E) 9 tt i-A G S'{7F,E), where 

K{p) := ^ p{0u{0, yp G S{IF), (2.10) 


is bijective. 


Remark 2.11. Due to the last proposition, one can identify u G S'(flF,E) 
with Au, and so 

u{p) = Auip) = G 5(Z”). 

^gZ" 


( 2 . 11 ) 
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Definition 2.12. For (j) G C'°°(T"'), u G ViT^) and e £ E, the tensor 
products (j)® e and u® e are defined by 

{4> ® e){x) := 4>{x)e, xG[0,27r]"', 

e){(p) := u{(p)e, G C'°°(T"). 

It is straightforward to prove that </> (8> e G and u ® e £ 

V'{T^,E). 

Proposition 2.13. Let {ak)k£Z^ d E be a sequence with at most poly¬ 
nomial growth at infinity (i.e. [k e-)■ a^] G 0{'L'^,E)), then the mapping 
g : C'^(T") ^ E, defined by 

g{ip) := {k)ak, ip £ (2.12) 

kelX- 

belongs to P'(T”,£'). Furthermore, for all g £ V'{T'^,E) it holds 

g{ip) = Y {k)g{ek) {if £ C-(T")), (2.13) 

fceZ" 

where ek{x) := for all x £ M”. 

It follows from the last proposition that for all g £ T>'(T'^,E), 

g=Y^k®m mP'(T",F;), (2.14) 

kdix- 

where g{k) := g{e-k), k £ IF, are call the Fourier coefficients of g. 
To see this fact note that ek{ip) = J e^^'^ip{x)dx = {Ffnpi)[—k) for all 

ip £ C~(T"). 

We finish this section with some results, which we will need for the 
following one. Before, note that 

efc(e_^) = J dx = 5^^k, for all ^,k £ Z^. 

[ 0 , 271 ]"^ 

Lemma 2.14. If {ak)k&ix- G 0{IF,E), then Yjkt£L^^k®ak G V'(fL'^,E). 
Furthermore, if {bk)k&ix- G 0{'IF,E), 

Y^ Gk® (kk = Y^ ® bk in V'iT'^, E) Ok = bk for each k £ IF. 
fceZ" fceZ" 

(2.15) 

Proof. Due to e-k{ip) = {Efnip) (fc) for all ip £ C°°(T"), it follows from 
Proposition 2.13 that the mapping 

ipi-^ Y, = Y, ^k{ip)ak 

fceZ" feeZ" 

belongs to 'D'{T^',E), i.e. there exists some g £ 'D'{T'^,E) such that 

9 = ^ efc(8)afc. 
fcgZ" 
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Now, if o,k = ^k®bk-, then it holds for each G Z” that 

o? = ( ^ efc (g) (e_^) = ek®bi^ (e.^) = b^. 

fceZ" fceZ" 

The reciprocal is trivial. □ 

As a direct consequence of the last lemma and the equalities (2.13) and 
(2.14) we have that: 

Theorem 2.15. Let f,g € 'D'{T^,E) and {ak)k£i,^ £ 0{Z^,E). 

a) / = 5 f{k) = g{k) for all k G Z^. 

b) / = EfeGZ" ® ak f{k) = Ok for all k G Z". 


3. The periodic Besov spaces B ^ g { T "-, E ) 

A sequence cf := C 5(M"’) is called a resolution of unity, denoted 

((^j)jgHo £ <h(M"’), if it satisfies the following three conditions: 

(1) supp((?!>o) C flo := . 82 ( 0 ) and 

supp(())j) C Llj := {x G M"" : < |x| < , J G N. (3.1) 

(2) E (PjiO = 1 for all ^ G 

j>0 

(3) For each a G Nq there exists a constant Ca > 0 such that 

|(9>,)(0I < C„2-^I“Ixq,(0, for all ^ G M" and j G Nq, 
where x^j denotes the characteristic function on Llj. 

The set 4>(M'^) is not empty as it is shown in the following generalization 
of Lemma 4.1 in [AB04]. 


Lemma 3.1. There exists a sequence {4>j)j£fqQ G 4>(M"') such that 

a) (j)j > 0 for all j G No, 

b) supp(i^j) C Llj for all j G Nq, 

c) = 1 ^/ ICI G [7 • 2^-3, 3 • 2^-1] and j > 3, 

d) |,^| G [7-2'^“3^ 3 . 2 ^“!] and j > 3 implies f, ^ supp(())j_i)n supp(())j_|_i). 


Proof. Let 999 S 5(M"') with 0 < (^0 < Ij supp(99o) £ 7^2(0) and ¥Jo(C) = 1) 
if I Cl < Let 99 be another function in 5(M”) such that 0 < </? < 1, 
supp(<y9) C |x G M” : I < |x| < 1} and (p{f,) = 1, if ^ < |C| < Now, for 
j G N and C S IK"", define 


and 'I’(C) := E TkiO- 
k={) 

Then it is clear that for j = 1, 2,... it holds 

supp((^j) C Kj := {C G M" : 3 • 2^-2 < |C| < 7 • 2^-^} , (3.2) 

= if Id G [13-27-4, 13-2^-3]. (3.3) 

Due to Kj n Kjj ^2 = 0 and (^j(13 • 27-3) — i ■ 27-3) each 

j G No, we have that 

supp {ipj) n supp ( 99 ^+ 1 ) / 0 and supp {ipj) n supp {g^j+ 2 ) = 0 , (3.4) 


vAi) 



8 B. BARRAZA MARTINEZ, I. GONZALEZ MARTINEZ, AND J. HERNANDEZ MONZON 
for all j G No- 


Assertion: For each ^ G M”, there exists some j G Nq such that 

1 

= E > h (3.5) 

£=-l 

where </?_i := 0. In fact: Let ^ G M"'. Because M)]' = [0,13/8] U U^i[13 • 

13 • 2^-3], then j^j < 13/8 or 13 • 2^-^ < j^j < 13 • 2^-^ for some j G N. 

From this, (3.3) and (3.4) it follows clearly (3.5). 

Now, define for j = 0,1, 2,... 

</i(6:=f|y, foralUGM^ (3.6) 

By direct calculation we get that G <I>(M"') and it satisfies a) — d). □ 

In the continuous case (in M"’) it is well known that if G ^(M”), then 
there exists a constant > 0 such that 

l|-^iR"Vi|Li(iRn) < Cln, for all jG No, (3.7) 

where is the inverse Fourier transform (in M”) of (j)j. 

Theorem 3.2. Let 4> G C'c(M"') and f G 'D'{T^,E). Then 

mfik). (3.8) 


Proof. From Example 2.5 and Remark 2.11 it follows for (p G (70(1^”) and 
/ G P'(T^,E) that 

[j-fJ(^7^T"/)]~(^) = (J-f„H</>.^T"/))(e-fc) = (./JTn/)((JT-e_fc)(-)) 

= E ‘?^(0(.^T"/)(i/c)(7^T'*e_fe)(-0 

= </(^)/([.^iLVfc](--)) = Hk)f{e-k) = 4>{k)f{k). 

That is, 

[j-fJ((/J'T"/)]lA:) = 0(A:)/>) for all A: gZ”, (3.9) 

and therefore (3.8) holds, due to (2.14). □ 


In similar way to the proof of Proposition 2.2 in [AB04] one obtaints the 
following result. 

Proposition 3.3. For each p G C)?°(M"') and 1 < p < oo, it holds 


E efc (8) (t){k)f{k) 

fceZ'* 


< 


-1 




(3.10) 


for all f G C^{T^,E). 


LP(T'^,E) 
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Definition 3.4. A function / : M"" —)• E is called an E— trigonometric 
polynomial^ if there exist a, (3 G Z” with a < (3 and {xk)k&[a,p] C E such 
that 

/= ^ ek®Xk. (3.11) 

k£[a,j3] 

where ek{x) := for all x G M". 

We can write the E— trigonometric polynomial / in (3.11) as 

/ = ^ efc(8)Xfc, 
fcgZ" 

with Xk ■= 0 for k ^ [a, /3], or in the form 

/= ^ ek^Xk, 

ke[-N,N]^ 

for some G N. 

We denote the class of all S—valued trigonometric polynomials on T” by 
TiT^,E). It is clear that T{T^,E) C C°°{T^,E). 

Remark 3.5. Due to Theorem 2.15 5) if / = Ylk£[a / 3 ]^k Xk G T(T",X), 
then 

f/l^\ ^ f ^k, if /c G [a,^], 

' I 0, otherwise, 

when / is seen as a distribution in 'D'(T'^,E). 


Definition 3.6. Let I < p,q < oo, s G M and (j) := G <I>(M"). We 

define the Li—valued and n—dimensional periodic Besov space by 


B^pl^{T^,E) := |/ G V'{T^,E) : 






< OO 


}. 


where 


ll/ll 


B 


S,0 


j>o 


E ek® 4>j{k)f{k) 


' ) 


1/9 


if 1 < g < oo, 


sup 2^1 
,i6No 


E ek® 4>j{k)f{k) 
fceZ" 


LP(T",E)’ 


if g = oo, 


(3.12) 

Note that for / G 'D'{T^,E), {(pj)j^fqQ G <I>(M"’) and j > 0, 

= YlkeZ”- ^k ® 4>j (k) f (k) is a trigonometric polynomial. Fur¬ 
thermore Bplq{T^, E) is a Banach space with the norm defined in (3.12). 

In the following theorem we prove that the Li—valued and n—dimensional 
periodic Besov spaces are independent on (j) £ $(R"'). 


Theorem 3.7. Let (j) = (())j)jgHo; ‘L = (L’jOjgNo d>(M”). Then the norms 
11 * 11 ^s,(^ ^.jP^ E) ^"kid e) CQU'ivalent. 

Proof. We must prove that there are constants c, C > 0 such that 

c II/IIep;^(T",e) — II/IIep;^(t",e) — ^ II/IIrp:^(T",e) > (3.13) 
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for all / G Bplq(T'^,X). But, due to the transitivity of <, it suffices to show 
(3.13) for (p as in Lemma 3.1. We will show this for 1 < p < oo, the case 
p = oo is proved in similar way. Let 1 < p < oo, (p £ <h(M”) and p as in 
Lemma 3.1. Since supp((/>j) n supp((^j_|_ 2 ) = 0 for all j G No, 

1 

4>j{x) = (t)j{x) pjj^i{x), Vx G M” and j G Nq, (3-14) 

i=-i 


where p-i = p-i := 0. From (|a| + |6|)^ < Cp(|a|^ + |6|^) for all a, 6 G C, 
Proposition 3.3 and (3.7) it follows that 


(3T4) 

Y 

i>o 

lE 

k£lX 

Ck ® 

i=-i 

g 

LP(T",E) 

< Cq 

EE 

/=-li>0 

21^91 

E 

fceZ" 

Sk ® Pjik)p>j+i{k)f{k) 

g 

LP(T",E) 

(3.9) 

— Cq 

EE 

2i*9 

E 

ek (8) 4>j{k) (pj^iErnf))^ (k) 


I=-l j>0 


feGZ" 



— Cq 

EE 

/=-li>0 

2Bq 

<( 


"•^)ILp(T",E) 


LP{T^,E) 


< CqCn Y, E 2^'" (7^i+^-^T«/)|IL(Tn,E) 

Z=-l j>0 
1 

llE*‘ ®ipj+i{k)f{k) 

i=-ij>o 


LP{T’^,E) 


Now, because 


(3.15) 


E2^'1 e Cfc <8) (Pj±iik)f{k) 

j>0 koX^ 


LP(T",E) 


E II ^ ek^Pj{k)f{k) 

j>Q k&lX- 


LP(T",E) 


(3.16) 


then 




<c,c„(27r)-’^(l + 2^'? + 2-^'') 






(3.17) 


Exchanging the roles of p and tp in the expressions (3.14) - (3.17), we have 
that (3.13) follows from (3.17) with p as in Lemma 3.1. □ 


Due to the last theorem we will write Bp^^(T^,E) instead Bp]q{T^,E). 
From now on, B^ ^(T”, E) will be considered with the resolution of the unity 
of Lemma 3.1. 


Remark 3.8. Let sGM, l<p, ^<00 and x £ E fixed. Note that the 
function / : T” —)• E, defined by / := eo <8) x, with eo(y) = 1 for all y £ M"', 
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satisfies (due to Remark 3.5) 


j>0 fcGZ" 


g 

LP (T",_E) 


i>o 


= |</)o(0)n|x||^=:Co^||x|||,, (3.18) 

if g < oo. Similar result holds for q = oo. Because of {(pj)j^fqQ G <1>(M”'), one 
obtains with this idea that 


T{T^,E) C Blg{T^,E). 


4. Discrete Fourier multipliers 


Definition 4.1. A function M : Z"’ — >■ C{E, E) is called a discrete operator¬ 
valued (Bp q—) Fourier multiplier from S* ,j(T"’, X) to Bp g{T'^, Y) if for each 

/ G Bp g{T^,E) there exists g G i?p ,j(T”,F) such that g{k) = M{k)f{k) for 
all k G Z”. If E = E, we will say that M is a discrete Fourier multiplier on 


Theorem 4.2. Let M : Z" —> C{E, F) be a function. Then the following 
assertion are equivalents: 

a) XI is a discrete Bf ^^—Fourier multiplier. 

b) There exists a constant C > 0 such that 


^ Cfc ®M{k)f{k) 


B=„(T-,F) 


< c 




(4.1) 


for all f eBf,^^{T^,E). 


Proof, a) b)] Let M : Z"' ^ C{E,F) be a discrete Fourier multi¬ 

plier. For / = XlfcGZ- ® f{k) G Bf^ ,j{T^,E), define 

SM{f)-.= Y,ek®M{k)f{k). (4.2) 

fcez 

Due to the hypothesis there exists a g G Bp^^{T'^,F) such that g{k) = 
XI{k)f{k) far all k G TP. Therefore, due to (2.14) we have 


Shiif) = ^ efc (g) g{k) = g, 

fcgZ 

i.e. Sm is a well defined application from Bp^q{T^,X) into Bf g{T^,F). 
Now, we will prove that Sm is a closed linear operator. Let (/m)mGNo = 
(EfcgZ" ® ^ E) such that 

fm -S' / and Sufm -> h 

m—>-oo m—>-oo 


in i?p (¥"',£') and !?*(¥"', F), respectively. Since 


11 ^ efc (g) (j)j{k){fm - fTik) 
fcgZ" 

in C, then 


LP(T",E) 


< ll/m /lls- (T",E) 0 


V Cfc ® <Pj (k) {fm - fT{k) -^ 0 in LP (T-, E ), 

^ m^oo 
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for each j G Nq. Because of (T”, E) ^ V' (¥"■, U), it holds for each I G Z” 
that 

- /no = y] efe(e_0n(^)(/m - fr{k) -0 in E. 

fceZ" 

Then 

n(0/m(0 -^ n(0/(0 mE,\^lGZ^ and j G Nq. (4.3) 

m—)-cx) 

In the same way one obtains that 

^ h{l) in E, VZ G Z” and j G Nq. (4.4) 

Because M{k) G C{E,F), it follows from (4.3) that for each /c G Z” 
(j)j{k)M{k)fm.{k) - (j)j{k)M{k)f{k) in E. 

m^oo 

Therefore 

y ek^(t>j{k)M{k)fm{k) - ^ Y] 4>j{k)M{k)f{k), 

because these sums are finite. In the same way it follows from (4.4) that 
y Ck® 4>j{k)M{k)fm{k) - y ek®(pj{k)h{k). 

fceZ" 

Then 

y Cfc (8) (j)j{k)M{k)f{k) = y efc (g) 4ij{k)h{k), for j G Nq 

fceZ" fceZ'i 

and thus 


= YrM\ Yek® Mk) (SMf - hf {k)\ ^ 

j>0 k&-^ ^ ^ 

=y2'*'i E Cfc ® 4>j{k)SMfik) - y Cfc (g) 4>j{k)h{k) 

j>0 fceZ" 


q 

LP(T";F) 


= 0 , 


i.e. SmI = h, and hence Sm is a closed linear operator. Thus, by the closed 
graph theorem, Sm is bounded and consequently (4.1) holds. 

b) a)] Suppose that (4.1) holds for each / G ,j(T"', i?). Prom this 
and (3.18) there exists a constant c > 0 such that 

\\M{k)\\^^ < c for all k G Z"". 

Let / G Bpg(T”,B). Because / G P'(T"',B), there exist constants d > 0 
and G N such that 

||M(/c)/(fc)|L < cd( 7 Ar(e_fc) = cd max sup |(— 

“^^0 3 ; G [ 0 , 27 r ]" 

|a|<JV 

< cd|fe|^ < C{k)^ Vfc G Z". 


Therefore {M{k)f{k))k£Z^ G 0{Z^,F). Thus g := Yjkez^ ^k ® M{k)f{k) G 
P'(T”,F), due to Proposition 2.13, and thereby g{k) = M{k)f{k), due to 
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Theorem 2.15. Furthermore, g G because of (4.1). Consequently 

M ; Z"" —)• C{E,F) is a Fourier multiplier. □ 

Remark 4.3. 

i) In the proof of Theorem 4.2 it was shown that M : Z"" —)• C{E) 

is a uniformly bounded function, if M is a discrete Fourier 

multiplier. 

ii) If M : Z” ^ E{E) is a uniformly bounded function, then the opera¬ 
tor Sm ■■ V\T^,E) V\T^,E) defined by 

Suf ek® M{k)f{k) (4.5) 

is well defined and 

{SMfrik) = M{k)f{k) for all k G Z", 
as shown in the proof of b) a) in the previous theorem. 

A definition of L^-Fourier multiplier, equivalent to the definition given in 
the introduction, is the following (see [Nal2], Lemma 3.10): 

Definition 4.4. Let 1 < p < oo. A uniformly bounded function M : Z”' ^ 
C{E) is called a discrete L^— Fourier multiplier, if there exists a constant 
C > 0 such that 

V/Gr(T-,F), (4.6) 

where Sm is defined by (4.5). In this case Sm S T(L^’(¥"■, F)), due to the 
density of T(T"',Ai) in L^(T”,F) (see [Nal2], Proposition 2.4.). If M a 
discrete L^— Fourier multiplier, we will write M G A4p{E) and ||M||p := 
||A/||^ denotes the smallest constant C such that (4.6) holds. 

Theorem 0.1 in [Zim89] motivates the following definition of 
U AfF—spaces. 


Definition 4.5. E is called a UMD—space, if the map R : Z” — )■ C{E) 
defined by 



if fc > 0, 
otherwise. 


(4.7) 


is a discrete operator-valued Fourier multiplier for some (or equivalently, 
for all) p G (l,oo), where Ie is the identity operator in E. We call Sr the 
operator-valued n—dimensional Riesz proyection. 


Remark 4.6. It is easy to prove that F is a discrete F^—Fourier multiplier 
if and only if, the map ; Z” —)• C{E) defined by 



if A: < 0, 
otherwise. 


(4.8) 


is also a discrete L^-Fourier multiplier. 


Theorem 4.7. Let M, Mi G Aip{E), I = 1,2, then: 

a) Ml M 2 G Mlp{E) with Smi+M 2 ~ Smi T Sm 2 - 

b) Ml ■ M 2 G Aip{E) with Smi-M 2 = Smi ° Sm 2 > where Mi ■ M 2 ; Z^ —)• 
C{E) is given by {Mi ■ M 2 ){k) := Mi{k) o M 2 {k) for k G Z”. 
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c) For each a G Z"" fixed, the application : IF —)• C{E) defined by 
Ma{k) := M{k - a) for all k G Z", (4.9) 

is a discrete Lp—Fourier multiplier with ||Mq||p = ||M||p. 

Proof. The proof of a) and b) follow directly from the definition. For the 
proof of c) let a G Z” fixed and / = Ylk&ix- ® in T(T”, E). Then 


[ II V F^-^M{k-a)xk ^ dx= f II V 

I'JTn 11 E /'TT'n. 11 


dx 


/'TT'n. I I 

J Jggn 

< ll^llp II X] 


dx = 


Sm{'^ y^) 


\\M\\^ II ^ Cfc (8) Xk 


fceZ" 


LP{T^,E) 

p 

LP(T",E) 


IIAfll' E (g) 0:5+, 

5+oeZ" 


p 

LP(T^,E) 
P 


LP{T^,E) 


From this follows that Mq, G X4p{E) with ||Mq,||p < ||M||p. In the same way 
one proves that ||M||p < ||Mo,||p. □ 

Corollary 4.8. E is a UMD-space if and only if for each p G (l,oo) there 
exists a constant Cp > 0 such that for 

f= ^ T{T\E) (KgNo) 

k&[-K,KF 

there exists some /I G Z” which satisfies fij > K (for all j = 1, ■■,n) and 

^ ek^Xk 
k£[0,/3] 


LP{T^,E) 


^ Cp ||/||lp(T",E)- 


(4.10) 


Proof. =>] Let Fi be a UMD-space, 1 < p < 00 and 

/= ^ ck^xk e T{T^,E) (Kg No). 

k&[-K,KF 


Then R and N, defined as in (4.7) and (4.8), respectively, are discrete 

Fourier multipliers. Due to Theorem 4.7c), Ra and Ng are also discrete 

Fourier multipliers for all a, /3 G Z”. We set Xk ■= 0 for k ^ [—K,K]^. Then 
for all a, (3 G Z”' with a < fi it holds 


^ ek®Xk 
A:G[q!,/3] 


LP(T^,E) 


Ck® Nii{k)Ro,{k)xk 


LP(T^,E) 


^ek®Xk 


LP(T",E) 


< ||iV^ • Ra 


ek®Xk 

fcgZ" 


LP{T",E) 


< ll^llp ll-^llp II/IIlp(T",E), 


(4.11) 


due to Theorem 4.7. 

4=] Suppose that for 1 < p < 00 there exists Cp > 0 such that for each 
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/ = xf' Cfc ® £ T(T”, E) we can find /? G Z” with /3j > K for all 

j = 1,..., n and such that (4.10) holds. Then 


I|5'r/||lp(T",E) = X] (^k®R(k)xk 


fceZ" 


LP(T'*,E) 


ek®Xk 

fcE[0,/3] 


LP(T^,£;) 


ek<SiXk 

k€[0,K]" 

(4.10) 


I,P(T’>,E) 


for all / = '^kel-K K]^ Sk® Xk £ T{T^,E), and thus the operator vector¬ 
valued n—dimensional Riesz proyection is bounded in Therefore 

is a UMD—space. □ 


5. Multipliers of bounded variation; main result 

Definition 5.1. Let G C Z”. For a function M ■. ^ C{E,F) let the 

restriction of M to G be defined by 


Mcik) := 



if A: G G, 
if A: ^ G. 


In particular = M. Let a,/3 G (ZU {—oo, oo})"" with a < (3. For the 
standar basis of M” {6j : j = 1 ,..., n}, the difference operators are de¬ 
fined by 


«i(x) ■= I “ ^K/3](^ - '5i)> if Xj ^ aj, 

[«,p|v ■ I 0 , if Xj = aj. 

Moreover, let := 

:= A^i^i • • • for 7 = (71,... ,7n) e { 1 , 0 }^ 

and let the variation of M on [a, /3] be defined by 


where 7 ^ = ( 7 ^^,..., 7 ^^) with 

•= 


7i;VKffl:= E ll^’'VK/il(«)||. 


?e[o,/3] 


f) if 7^ ! 

0 , ii^j = aj. 


(5.1) 


(5.2) 


Note that if a, /3 G Z” with a < P and M : Z” —)■ C{E, F) is a function 
such that = 0 in Z”, then A'^ 7 M[q,^^](A:) = 0 for all A; G Z” and 

j = 1,... ,n, and in consequence Var = 0. 


Remark 5.2. Using properties of telescopic sums it can be seen that for 
each /3 G Z"- it holds 

M(/3)= A^eM[„,^](0 (5.3) 

Se[o,/3] 


for all a G Z" with a < /3. 











16B. BARRAZA MARTINEZ, I. GONZALEZ MARTINEZ, AND J. HERNANDEZ MONZON 


Definition 5.3. The coarse decomposition of Z"" is defined by: Dq := {0} 
and for d G N, 

Dd:={keZ^:\h\,...,\ki_,\ < 2^+\ 2^ < \ki\ < 2^+\ 

\ki+i\, ■■■,\kn\ < 2^}, 

where d = nr + I with r G No and I G {1,2,... ,n}. For d G N, Dd = 
Dd+ U Dd- where Dd± := {k G Dd ■ ±ki > 0}. Furthermore 

Var M := Var Mo + + Var Mo (d G N) and 


Dd 


D 


d+ 


Var M := Var Mon■ 

Do Do 

Note that for d G N and Dd± as in the above defini¬ 
tion, Dd± = [arf±,/3rf±] for some a^±,/3^± G Z"' (for example, 

ad+ = (—2^+^,..., —2^+^, 2^, —2'",..., —2^), where 2^ is in the /—th po- 

V± 


sition). Therefore VarM/j make sense. 


Now, the variational Marcinkiewicz condition, given in [AB04] by 
sup liMfcll + sup ^ ||Mfc+i - Mfcll < oo, 

fcez i>o 2 j^|^|<2j+i 

will be generalised by the following definition. 

Definition 5.4. Let M : Z"' —)■ C{E,F) be uniformly bounded. M is called 
a function of bounded variation with respect to the coarse decomposition of 
Z”, if there exists a positiv constant C such that 


sup Var M < C. 
dGNo 


(5.4) 


Lemma 5.5. Let j G Nq. Then the function M := Mj : Z"’ —)• C{E) defined 
by 


._ I ifk = ki6i with ki G [7 ■ 2^ 2^] and j > 3, 

10, otherwise 

is of bounded variation with respeet to the coarse decomposition of 7/ 


(5.5) 


Proof. By definition M : Z"" —)• C{E) satisfies ||M(A;)x|| < ||a;|| for all A: G Z" 
and X G E. Therefore {M{k) : k G Z”} C C{E) is uniformly bounded with 


||Ad(A:)||^(g) < 1 for all A: gZ”. 


(5.6) 


We will show that M satisfies (5.4). In fact, if Moq = 0, then VarM = 0. 

Do 

Now, we fix d G N with d = nj -\-1, j G Nq and Z G {1,..., n}. Due to (5.5) 
we have: 

i) If j < 3, then Mo^ = 0 and therefore VarM = 0. 

Dd 

ii) From j > 3 and Z G {2,..., n} it follows Mod = 0 because if A: G Dd, 

then ki 0 and hence k ki5i which yields Mod{k) = 0. Moreover, 

by definition Mofik) = 0 if A: ^ Dd- Therefore VarM = 0. 

Dd 
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iii) If j > 3 and 1 = 1, then for each A; G Z” it holds that 

It follows that = -^D^+\{ 2 i( 5 j} = Oj then 


Ie, ifk = 2 ^ 6 i, 
0, otherwise. 




fceD 


d+ 


Since D^+ = [a^+, I3j_+] with a^+ = (2-^, —2 ^,..., —2^), we have 


Var M 
Dd 


= l|A”‘.Afo,A2J{0||^,^, = ||A»A^=...A'"Afo,U2''5i)L(E) 
= ||Afe...A^»Afo,A2i{0L,i;) 

= II A* ... A‘— (AAd,+ (2JA0- Afc,A2Ai-A„) )||^,^) 


=0 


= ||A'-... A‘-Afc^,(2^A,)||^,^, = ... = ||AA(2A,)||^,^, < 1, 
due to (5.6). 

In consequence M : Z*^ ^ kl{E) defined by (5.5) is of bounded variation 
with respect to the coarse decomposition of Z”. □ 


Lemma 5.6. Let {4>j)j>o be as in Lemma 3.1. 

a) For j > 1 it holds 

nj-\-n 

supp(</.,)nZ" C U Dd =: D], (5.7) 

d=n{j 

where D-d '■= Dq for d G N and m is the smallest non-negative 
integer satisfying y/n < 2™. 

n 

b) supp(())o) n z"-C U Dd. 

d=0 


Proof, a) Let A: G Z” n supp{4>j) with j > 1, then 2^~^ < \k\ < If 

k ^ D'j, k G Dd with d = nr + l for some I G {1,..., n} and some r > j + 1 
or r < j — m — 2. In the first case it holds 

|A:| > |A:/| > 2’'> 2^'+\ 

which contradicts that |A:| < Now, we consider the second case, i.e. 

k G Dd with d = nr + I for some I G {1,... , n} and some r < j — m — 2. If 
r > 0, then \ks\ < 2^+^ < 2-^“™'“^ for all s G {1,... , n}, and thus 

|A;| < \/n\k\oo < ^/n2^~'^~^ < 2^~^, 

which now is in contradiction with \k\ > 2l~^, The same happens when 
r < 0 since D_d = Dq. In consequence k G Dd with d = nr + I for some 
Z G {1,..., n} and some r G {j — m — 1,... ,j}. 

b) If 0 7 ^ A: = {ki,... ,kn) G supp((()o) HZ”, then |A:s| < 2 for all s G 
{1, 2,... , n} and therefore k ^ Di for some Z G {1, 2,... , n}, since otherwise 



18B. BARRAZA MARTINEZ, I. GONZALEZ MARTINEZ, AND J. HERNANDEZ MONZON 


there would be some r G N and s G {1, 2,..., n} such that |/cs| > 2^. Then 
we have that 

n 

[supp((/)o) nz"]\{0} C IJ Dd. 

d=l 

From this follows b), due to 0 G Dq. □ 

Now, we will prove the main result of this paper. But before note that 

E E ^ ^ bi, (5.8) 

k£[a,/3] l£[a,k] ke[a,j3] l€[k,)d] 

for all a, /3 G Z”' with a < (5. 


Theorem 5.7. Let sGM, l<p<oo and 1 < q < oo. Each function M : 
Z"' —^ £ {E) of bounded variation with respect to the coarse decomposition of 
Z"" is a Fourier multiplier on , E) if and only if E is a UMD-space. 

Proof. Let £ be a UMD-space. Suppose that M ■. ^ C (E) satisfies 

(5.4), / G Bpg(T”,£) and let {4>j)j>o be as in Lemma 3.1. Due to Lemma 
5.6 we obtain that for j > 1 and x G T” fixed it holds 

II J] e*"->,(A:)M(fc)/>)||^ = || E^--f,{k)M{k)f{k) 


n{j+l) 

S E 




d=n{j—m—l)-\-l kGDd 
n{j+l) 


< 


E 


E 






+ 


^ E^--f,{k)M{k)f{k) 

kGD.- 


(5.9) 


Now we consider the sum over Dd+ ■= ]• 

^ E^--cf^{k)M{k)f{k) 

k&D^+ 

(5,3)1 ^ ^ 

k^Dd+ 5e[a^+,fc] 

E E (*.)/(/=) 


k&Dd+ 5e[a^+,fc] 


(5.8) 


«G[fc./3d+] 


< 


E a^*aw.o.+i{*=) E 

keDd+ 

E 

d+ kGDd+ 


keD 


(5.4) 

< C sup 

"ce[fc,/3,+] 


E 


C{E) 


E 
ii-x 




«6[fc,/3d+] 

^ Kp\ E e^^--ct>^{k)f{k) 
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We get the same estimate for the sum over D^- with a similar procedure. 
Then, from (5.9) it follows that 


^ e^^'^(j)j{k)M{k)f{k) < 2Kpn{m + 2)\\ ^ e^^'^cj)j{k)f{k) 




Analogously, using Lemma 5.6 b) we obtain 


fcGZ" 


< 2Kpn\\ Y, e^^-^Mk)fik) 


fcgZ" 


Thus, there exists a constant C > 0 such that 


^ Cfc (g) (j)j{k)M{k)f{k) 

fceZ" 


< 

LP(T".E) 


^ Cfc (g) 4>j{k)f{k) 
fceZ" 


LP(T".E) 


for all / G Bp g{T"', E) and j G No, and therefore 


^ ek® M{k)f{k) 

kG'Z'^ 


R»„(T",E) 


< c 




Thus, Theorem 4.2 implies that M is a ,j(T", i?)-Fourier multiplier. 

=>] Now, we suppose that each function M : Z"" —)• £ (E) satisfying (5.4) 
is a Bp q(T”, £)-Fourier multiplier. Let {4’£)£€f^o ^ 4*(M”) be as in Lemma 3.1 
and fix j G N with j > 3. For this j let M : Z"" —)• £ (E) be the function given 
in Lemma 5.5. Moreover, let us consider an arbitrary sequence {xk)k^i" ™ 
E and the £-valued trigonometric polynomial 


h := 

This h can be written as 

h = 


E 


Ck <g) Xk- 


k=ki5i , 

7-2J-3<A;i<3-2J-i 


ek®h{k), 


k=kiSi, 

7-2J-3<A:i<3-2J-i 


where h{k) = 0 for k ^ {ki6i : 7 ■ 2^ ^ < ki < 3 ■ 2^ and h{k) = Xk 
else, due to Remark 3.5. By Lemma 3.1, (f>j{x) = 1 for all x G M"" with 
7-2J-3 < [xl < 3-2^-i and (/>i(x) = 0 for all x G with 7-2^-^ < |x| < 3-2^-^ 
and / / j. Thus 


Vefc (g) M(k)h(k) 




= ^ 2"?^^ 
l>0 

Ck ^ 4>i{k)M{k)h{k) 

k=kiSi , 

7-2-?-3</ci<3-2^-i 

Q 

LP[T‘>^.E) 

(5^) ^ 
l>0 

^ ek ® (t)i{k)h{k) 

k=k\5 \, 

7-2.’-3<fci<2J 

Q 

LP(T".E) 

= 2'^*^' 


Cfc (g) h(A;) 

/c=/ci5i 

y 

Lp(T^.£;) 


(5.10) 


7-2J-3<A:i<2J 
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Similarly we obtain that 


<? 


l>0 


ek ® (t)i{k)h{k) 


k=k\6i , 

7-2J-3<A:i<3-2-’-i 


LP(T".E) 


= 


yy Cfc 0 h{k) 

=kiS 
<ki< 

From Theorem 4.2, (5.10) and (5.11) it follows that 


k=kiSi , 

7-2J-3<fci<3-2.’-l 


Lp(T",E) 


(5.11) 


yy ek^xk 

< c 

E 

ek®Xk 

. (5.12) 

k=kiSi , 

LP(T".E) 

k=kiSi , 


Lv{j^,E) 


7-2i-^<ki<2^ 

From (5.12) we can write 

2J 

y~] ei^xe 

£=7.2J-3 

for all (xf)^gpj^ C E and therefore 

< Cr 


7-2-’-3<fci<3-2J-l 


LP(T,E) 


< Cr, 


3-2^- 


y^ ek®Xk 

fcG[0,2J-3] 
for all (xfc)fcgNj, C .F. 


LP(T,E) 


y~] e(,®Xi 

1=7-23-^ 


y^ ek®Xk 


A;6[-2J-3,2J-1] 


LP(T,E) 


LP(T,E) 


(5.13) 


Now, let / = ^ ek® Xk & T(T, FI) and set = 0 for F ^ [—A^, A^]. 

fce[-Af,iv] 

There exists some jm > 3 such that N < and 


y~l ek®Xk 

fcG[0,2JiV-3] 


LP(T.E) 


(5.13) 

< Cn 


yy ek®xk 

A:e[-2-’'iV-3,2JiV-l] 


LP(T,.E) 


— C'n ||/||lp(T,E)- 

Therefore FI is a UMD-space due to Corollary 4.8. 


□ 


Remark 5.8. In the proof of Theorem 5.7 we have proved that if FI is a 
U AFF)—space, s G M, 1 < p < oo, 1 < g < oo and M is of bounded variation 
with respect to the coarse decomposition of Z”, then there exists C > 0 such 
that 



Remark 5.9. Let M : Z” — )• C{E, E) be uniformly bounded. 

a) As a particular case of the proof of Theorem 3.24 a) in [Nal2], it 
holds that M is of bounded variation with sup Var M < 2^”+^, if 

dGNo 

the set 

AMd, {k):de No and k G 
is uniformly bounded. 
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b) It is easy to see that 

{ AMd, (k) : de No and k e D^} 

C { AM(A:) : A: € Z” and 7 e {0,1}”}. 

6. Periodic boundary valued problems 

In this section we will study the existence and uniqueness of solution for 
the problems (1.1) and ( 1 . 2 ). Note that A{t) given in (1.3) is a (formal) lineal 
differential operator with L (E) —valued coefficients, where : [0, 00 ) x 

(^>0 := 

\a\=m 

is called its principal symbol. 

For 9 G [ 0 , 7 r], set := {A G C : |argA| < 0} U (Oj. Given k > 1 and 

6 G [ 0 , 7 r), the operator A is called (uniformly) (k, 0)—elliptic if C 

p (—a® (A; 0) 


[A/ + a0 (t,0] 


-1 


< 


for all A G V 


( 6 . 2 ) 


£(E) 1 + |A| 

and (t,0 £ [0,oo) x RA with |,^| = 1. It is called 0—elliptic, if it is 
{k,9) —elliptic for some k > 1, and normally-elliptic if it is ^—elliptic. 

Remark 6.1 ([AmOl], Remarks 3.1). 
a) Condition (6.2) is equivalent to 


[A/ + a° (t,0] 


-1 


CiE) 


< 


- ier+iAi 

for all A G Yle (^jC) ^ [0,oo) x M"' with ^ / 0. 
b) The order m is even whenever A is normally elliptic. 

Remark 6.2. Let A be uniformly (k, 6) —elliptic, := X)|a|<m (A) 

and b := a — a®. Due to 

XI + a (t, 0=[l + b {t, 0 (A/ + 0 ° (t, 0) ■'] (A/ + a° {t, 0) , 
by a Neumann series argument, there exists some coq > 0 such that 


[A/ + a(t,0] 


-1 


c{E) ^ i^r 


2k 


+ 


(6.3) 


for all A G Wo + (^) 0 ^ [0; ^ 


Proposition 6.3. Let s G M, 1 < p < 00 , 1 < (7 < 00 , E a 
UMD—space, A an uniformly {kq, 9)-elliptic differential operator satisfaying 

E 


|Q|<m 


iailoo < C, and let 


A := ^ B;^^{T^,E), u 


Au, 


"P.Q 

be the Bf ^^—realization of A. Then there exist a > 1 and wq > 0 such that 
ioo + Jfg C p {—A {t)) and 

K 


{XI + A{t)) 


-1 


< 


/:(s|,^(T",E)) 1 + |A| 


(6.4) 
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for all A G + t >0. In particular, each A (t) generates an analytic 

semigroup on if A is uniformly normally elliptic. 

For the proof of this proposition we will use the following notations and 
lemma, whose proof can be found in [Nal2]. 

Giving a G Nq\ {0}, let 

r 

Za := |vy = (u;^, : 1 < r < |a| , 0 < < a, = q:| 

i=i 

denote the set of all additive decompositions of a into r = ryv multi¬ 
indices. For the sake of consistence we set Zq := {0} and r 0 := 0. For 
W = G Za let tvi be defined by 

r 

wi := ^ w’’. 
l=j+i 


Lemma 6.4 ([Nal2], Lemma 7.1c). Let 5 : Z" —>■ C{E,F) be a function 
such that the inverse (5'“^) {k) := {S{k))~^ exists for all k G Z”. Then for 
a G Nq, we have 


A“ (5-^) (k) 


^ (-l)^w ( 5 - 1 ) (fc _ a)Y{[{A-^S)S-^) {k - wi) 
weZo, j=i 


for /c G Z". 


Proof of Proposition 6.3. Let a be as in Remark 6.2 and 7 G {0,1}"'. For 
A G Wo -|- "Yig and t > 0, we define M\^t {k) := A (A -|- a {t, •))~^ (k), k G Z"'. 
Using Lemma 6.4, the triangular inequality, the fact that (A: — wVj'^ is 
a polynomial in k — wi of degree not greater than \a\ — \w^\ and (6.3), we 
obtain for all A: G Z” that 


|A:|I^I ||A^M,,i 

<|A||A;|I'^I ^ II (A-ha (A, A:- 7 ))”^ 




7’VV 


ridlA'^'a (a. A; - |||| (A-h a (A, A: - w^)) ^ ||) 


i=i 


< 


CIAI |A:|I'^I ^ II (A-ha (A, A:- 7 )) ^ 




rw 


■n( X] {f^-wi)'^\\\{X + a{t,k-wi)) 

i=l |a|<m 


-1 


< 


C2k|A:|I^I 




\k-jr + \x\ 


rw 


•n( 

i=l |a|<m finite 




2k 


\k - wi\^ -h |A| 
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< a 


iItI 




|A| 






'W 

n(i‘ 


— w 




\k — w 


J \ m 


\k — u’*!™- -I- |A| 


Cw]J\k - < C,, 

wgZj j=i 


where is a constant which do not depend on A and t, and || • || abbreviates 
II ■ ll£(E) • It follows that Mx^t is of bounded variation due to Remark 5.9. Thus 
Theorem 5.7 implies that Mx^t is a discrete Fourier multiplier on R® ^(T”, E) 
and (6.4) holds due to Remark 5.8. □ 


Corollary 6.5. Let 0</?<l, sGM, l<p< oo, 1 < <? < oo, E a UMD- 
space and A a uniformly normally elliptic differential operator satisfaying 

(te^ ac.it)) € CP i[0,T],C{E)) (6.5) 

for all |al < m. 

a) If f £ CP ([0, r] q (T”,Fi)), then the problem (1.1) has a unique 
classical solution 

U£CP ((0, T] , (T^ E)) n C^+P ((0, T] , (T-, E)) . 

b) If Si G M, 1 < pi,qi < oo and uq as in Proposition 6.3, then for 

each f G Bff^^ (T, ^ (T”, Fi)) and ui > ujq there exists a unique 

u G Bp^gf (T, Bp^q (¥"■, R)) such that uit)+Ai^u{t) = f{t) for almost 
all t G [0, 2tt\. In this sense u is the unique solution for the problem 
( 1 . 2 ). 

Proof. 

a) This is a consequence of Proposition 6.3, (6.5), Theorems 1.2 and 
1.3 in [Ta60] and Satzes 4.11 and 4.12 in [Pou65]. 

b) This follows from Proposition 6.3 and Theorem 5.1 in [AB04]. 

□ 
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